Introduction
The Pythagorean triples of integers satisfying x 2 + y 2 = z 2 have been studied and enumerated since Babylonian times. Since Diophantus, it has been known that this set of triples is related to the standard rational parameterization of the unit circle, ( This Gaussian square v obviously has a norm, N (v), which is a square. Both of these expressions secretly involve the double angle formulae for sine and cosine since the stereographic projection formula uses the central and chordal angles.
By considering the action of the modular group, Γ = PSL 2 (Z), by conjugation on the set of all integer matrices M 2 (Z), we can blend together these two perspectives. We shall show (Corollary 3.2) that the Pythagorean triples can be identified with an orbit of a subgroup (of index 6), Γ(2), which is generated by the images of U 2 = 1 2 0 1 and
is the free product of the subgroups generated by U 2 and L 2 (Proposition 3.1). The consequence of the free group structure for Γ(2) is that the Pythagorean triples can be enumerated by words,
Using a breadth-first enumeration of these group elements we obtain the following curious result (see Figure 1 ). Theorem 1.1. The set of primitive Pythagorean triples has the structure of a complete infinite rooted ternary tree.
Conjugation Action and Similarity
Proposition 2.1. Any integer matrix X, satisfying X 2 = 0 is X = x y z −x for integers x, y, z satisfying yz + x 2 = 0 and conversely.
Proof. Suppose the integer matrix X, satisfies X 2 = 0. Since the matrix X also satisfies its characteristic polynomial, it follows that tr(X)X = det(X)I. Since it 39 80 89  55 48 73 33 56 65  7 24 25   209 120 241  187 84 205  91 60 109  299 180 349 165 52 173  459 220 509   65 72 97   35 12 37 3 4 5 Figure 1 . Tree of Pythagorus is impossible for a non-zero X to be a non-zero multiple of the identity matrix, it follows that tr(X) = det(X) = 0, and the conclusion of the lemma is immediate.
The group GL 2 (Z) of invertible linear transformations of Z 2 acts via conjugation on all two by two matrices, M 2 (Z), by X → T XT −1 . This action preserves the trace and determinant and hence also the 'cone' of nilpotent matrices N 2 = {X ∈ M 2 (Z) | X 2 = 0} as described by Proposition 2.1. The similarity class of the matrix
using conjugation by the matrix D = −1 0 0 1 .
Let N denote the set of non-negative integers. Let E λ = [λE], λ ∈ N; it is clear that E λ = λ [E] . Also, it is an easy check to see that E λ and E µ , for λ = µ, are disjoint.
Proposition 2.2.
A matrix X ∈ N 2 is similar to λE, for a unique λ ∈ N. Thus N 2 = λ∈N E λ is the disjoint union of similarity classes.
Proof. If any entry of the matrix X is zero, then it follows immediately from Proposition 2.1 that X is either the zero matrix, a multiple of E, or a multiple of E t . Thus, in this case X is similar to either the zero matrix or E.
Suppose now that none of the entries of the matrix X is zero; say X = x y z −x .
Since the determinant is zero, the non-zero rows are dependent over the rationals; furthermore, after factoring out the greatest common divisor, say λ, of the entries of X, we find that there are relatively prime integers m and n so that mx = nz and my = −nx. Now, using the relatively prime condition as above, we obtain the divisibility: m|z, m|x, n|x, n|y. Rewriting then x = mnx 1 , y = ny 1 , z = mz 1 ; canceling where possible then from the original equations, it follows that mx 1 = z 1 , −nx 1 = y 1 ; thus m|z 1 and n|y 1 
Thus the original matrix is a multiple of a matrix, which has a factorization,
Consequently, the action of conjugation is just a mixture of the usual action on Z 2 as row and as column vectors:
The conjugation action of T = a b c d gives
Now it is easy to see, using the Euclidean algorithm, that for any relatively prime integers m, n there is an T ∈ SL 2 (Z), the elements of GL 2 (Z) of determinant one,
Hence using the conjugation of such a T on X as described above gives the matrix E. Thus any non-zero integer matrix X with relatively prime entries is similar to E.
Enumerating Pythagorean Triples
Consider the matrices in M 2 (Z) which are similar to E; there are relatively prime integers m, n so that the matrix is
The integers S, C, N give a Pythagorean triple satisfying S 2 + C 2 = N 2 . We now have a method of generating Pythagorean triples. Consider the conjugation action of GL 2 (Z) on E and determine the orbit. Of course this is just the same as the set of cosets GL 2 (Z) by the stabilizer of E. The stabilizer in GL 2 (Z) of the matrix E is easily seen to be the subgroup generated by U and the scalar matrix −I. However, the situation is a bit subtle. These cosets parameterize the different matrices on the left side of the equation above, but not the different Pythagorean triples, which are obtained from the right hand side. For primitive (m, n relatively prime) Pythagorean triples S, C, N we only want to count the really different solutions; fix m to be even and n to be odd and assume both m and n are positive; this specifies C as even and positive, N is positive, and S is odd. To enumerate the distinct Pythagorean triples as described above, we shall use matrices of determinant 1 with even 2 − 1 entry, m; it follows that the 1 − 1 entry n is odd since the matrix T is invertible; hence also m and n are relatively prime; thus, T ET
Since the effect of the matrix −I, the negative identity, (on triples S, C, N ) is trivial, we mod out that action. So we have either both m and n are positive or opposite signs; since both situations occur the counting the cosets will double count the Pythagorean triples. We want to use the cosets to enumerate the Pythagorean triples in a 1-1 fashion; and so we look for a way avoid this duplication. We shall develop the group theory a bit more to aid in this. The homomorphism τ : PSL 2 (Z) −→ PSL 2 (Z 2 ), induced by reducing mod 2, has kernel denoted, Γ(2). Since the image of τ is the group PSL 2 (Z 2 ) (it is a non-abelian group of order 6) the group Γ(2) is of index 6 in PSL 2 (Z) and normal. It is easy to see that Γ(2) is generated by (the images of) U
Moreover, these elements generate the group as a free product. This will be useful for the enumeration of Pythagorean triples. For any relatively prime integers n, m, one odd and one even, there is a matrix in PSL 2 (Z) with those as the entries of the first column; but multiplying by an appropriate coset representative, we have that these elements n, m (up to sign) are the first column of a matrix in Γ(2). Proof. This result is easily proven using the structure of P SL 2 (Z) as the free product [1] , of the subgroups of orders 2 and 3 generated by A = 0 1 −1 0 and
then any alternating word in U ±2 or V ±2 is also alternating in A, B ±1 and hence non-trivial.
The enumeration of triples is based on the enumeration of cosets of Γ(2) modulo the stabilizer of E, which is the subgroup generated by U 2 . Because of the free product structure the coset representatives are just the words in L 2 , U 2 ; since we are considering cosets of the subgroup generated by U 2 , the rightmost letter of a coset representative is L ±2 . We do a breadth first enumeration, adding U ±2 or L
±2
on the left of a string (alternating); for example, if the last group element on the left is L 2 we can add L 2 , U 2 or U −2 . For any matrix M ∈ M 2 (Z), let δ(M ) be the matrix with the same off diagonal entries as M and with signs changed on the diagonal. We want to avoid counting both M and δ(M ) in the enumeration of cosets of Γ(2) since they produce the same Pythagorean triple from the action on E. The conjugation action of the matrix D and multiplication by −I has the same effect as δ,
(projectively). Thus δ gives an outer automorphism of order 2 of Γ(2); conjugation by D. On the generators of Γ(2) the automorphism is:
We then can effectively describe the distinct coset representatives which will enumerate the distinct Pythagorean triples using the alternating property for the words of the free group Γ(2) in the generators L 2 and U 2 . Also, using δ we see that to obtain distinct triples we can initialize with
Thus we have an effective enumeration of non-trivial primitive Pythagorean triples using the coset representatives in the disjoint union
The recurrence relation which counts the number of elements p k in P of level k is p k = 3p k−1 , since we can add any one of 3 elements to the left of a given alternating string to keep it alternating. We use Π to denote the triples obtained after conjugation of E by the elements of P.
For each T ∈ Π, the entries determine a unique primitive Pythagorean triple of positive integers as follows: To make the tree we connect the j th element of level i with the 3 elements of level i + 1 numbered 3(j − 1) + 1, 3(j − 1) + 2, 3(j − 1) + 3 corresponding to the 3 possible elements used to make the next level by the conjugation action of three of L −2 , L 2 , U −2 , U 2 ; this yields triples, up to sign, respectively, which can further be exprssed in terms of the coordinates
Amazingly, we only have to compute the three transformations L + , U − , U + when the coordinates S, C, N are all positive to get the next level in the tree. When S, C, N are all positive then the previous triangle is L − . This is easy to see, since in this case m > n ≥ 0, and therefore 2mn > 2mn − 4n 2 > −2mn so that the second coordinate of L − , 2mn − 4n 2 , is smaller in absolute value than C = 2mn. Similarly, the second coordinate of each of L + , U − , U + is greater than C. Furthermore, with variations on this kind of argument, we can modify these three transformations to obtain three new transformations, so that all the coordinates are positive, and so preserve the positive quadrant of the cone
One can easily check that each of the differences between coordinates in [m One can ask for a characterization of all those integers which can be differences. This is just a question about the representations, for m even and n odd, of integers by the forms P = (m−n)
2 . The first can take on any odd square value, the second, any twice an odd square, while the third case is more restrictive. The norm form X 2 −2Y 2 = D can be solved for Y and X for exactly those integers D which are norms in the ring of integers for the field Q( √ 2). However we require that Y is even, so this is more restrictive; since Y is even, consider x 2 − 8y 2 = D; then it also follows that any solution when D is odd has x even. Consider this equation modulo p for any prime divisor of D then it follows that 2 is a quadratic residue modulo p. Using quadratic reciprocity, it follows that every prime divisor of D must be ±1 mod 8. However, for a prime divisor of D, p = −1 mod 8, it follows that x 2 = p = −1 mod 8; which however is impossible. It follows that any odd prime factor of D having odd exponent must be congruent to 1 modulo 8. Since the ring of integers in Q( √ 2) is a unique factorization domain it follows that for every p dividing D there is an element of norm p when p = 1 mod 8 (not just a multiple). Multiplying these together gives a solution for D. Furthermore, for the minimal positive representation of D by this form R we obtain an infinite path in the tree, since we can solve for m and n from the equations X = n + m, Y = m.
Given the absolute values of x, y, solutions to 
